Abstract. We study graphs whose chromatic number is close to the order of the graph (the number of vertices). Our goal is to determine if in these cases high chromatic number forces the existence of large cliques in the graphs. We consider two different models: in the first one the chromatic number is a fixed fraction of the order, in the other, the difference of the order and the chromatic number is a small fixed number. In both cases we prove provide quantitative results how large the clique number of the graph has to be.
Summary of results
It is well known that triangle free graphs with arbitrarily large chromatic number exist. There are several constructions to prove this, but all of these constructions use a large number of vertices compared to the chromatic number. So it is natural to consider the following type of questions. Let G be a graph and suppose that χ(G) is "close" to |V (G)|. Is it true that the graph contains a "large" clique?
There are several ways to make this question more precise, by defining what we mean by "close" and "large". Let Q(n, c) = min{ω(G) : |V (G)| = n and χ(G) = c}.
In this paper we prove the following theorems. Theorem 1.1. Fix any 0 < r < 1. Then lim n→∞ Q(n, ⌈rn⌉) → ∞ Theorem 1.2. Q(n, n) = n, Q(n, n − 1) = n − 1 and Q(n, n − 2) = n − 3. Theorem 1.3. n − 2k + 2 ≤ Q(n, n − k) ≤ n − k − 1 if 3 ≤ k < n/2.
Note that Theorem 1.3 gives an exact value for k = 3: Q(n, n − 3) = n − 4. Hence the previous theorems provide the value of Q(n, n − k) for k = 0, 1, 2, 3. Based on these, we make the following conjecture. Conjecture 1.4. Let k be a positive integer. If n is large enough, then Q(n, n − k) = n − 2k + ⌈k/2⌉.
Motivation and related research
The original motivation of this research was an analogue problem for partially ordered sets (posets).
A realizer is a set of linear extensions of the poset P , such that their intersection (as relations) is P . The minimum cardinality of a realizer is the dimension of the poset, a central notion in poset theory. The "standard example" S n is the poset formed by considering the 1-element subsets and the n − 1 element subsets of a set of n elements, ordered by inclusion. It is well known that dim(S n ) = n, but there are posets of arbitrarily large dimensions without including even S 3 as a subposet.
Hiraguchi [3] proved that the dimension does not exceed half of the number of elements of the poset. Bogart and Trotter [1] showed that for large n, the only n-dimensional poset on 2n points is S n . But what happens if the dimension is slightly less than half the number of elements, is not known. We conjecture the following.
Conjecture 2.1. For every t < 1, but sufficiently close to 1 there is a c > 0 such that if a poset has 2n points, and its dimension is at least tn, then it contains a standard example of dimension cn.
It is frequently noted that poset problems can be translated to graph theory problems and vice versa by changing chromatic numbers of graphs to dimension of posets, and cliques in graphs to standard examples in posets. Note that the above conjecture would translate to the following statement: For every t < 1, but sufficiently close to 1 there is a c > 0 such that if a graph has n points, and its chromatic number is at least tn, then it contains a clique of cn points. This graph version is actually easy to prove for all t > 1/2. Indeed, let G be a graph and n = |V (G)|. If χ(G) ≥ tn, then by a simple pigeonhole principle, at least 2tn − n = (2t − 1)n color classes are singletons, and any pair of those have to have an edge between them. This gives c = 2t − 1.
This argument proves a special case of Theorem 1.1, also showing that that theorem is only really interesting for r ≤ 1/2.
There are some potentially interesting relation of these questions to list coloring of graphs. Reed and Sudakov [4] showed that if the chromatic number is at least about 3/5 of the number of vertices, then the list chromatic number and the chromatic number are equal. List coloring also comes up explicitly and implicitly in the proof of Theorem 1.3, further suggesting that other list coloring problems may be related.
Proofs

3.1.
Proof of Theorem 1.1.
Proof. The key idea to prove this lemma is to estimate the number of colors used when we color the graph in the following way. In each round, we find a maximum independent set of the graph, assign the same color to every vertex of it, and we never use that color again. We do this until every vertex is assigned a color. This is clearly a proper coloring, so the chromatic number is not more than the number of colors used.
We will also use the Erdős-Szekeres [2] bound for the Ramsey numbers:
In fact we will only need a weaker bound, and we will only use the fact that
, and therefore α(G) ≥ ⌈k(n)⌉. Assign the same color to each vertex in the maximum independent set, and repeat the process.
We can form the following sequence of integers: a 0 = n, and a i+1 = a i −⌈k(a i )⌉ =
. Let j 0 be the least integer such that b j0−1 ≤ 1. Clearly, i 0 ≤ j 0 , hence also χ(G) ≤ j 0 . The rest of the proof is to estimate j 0 .
The recursion is not linear, but we can find an asymptotically correct solution by forming the corresponding differential equation
where y is a function of x, and C 2 and C 3 are independent from x, y. Then
Integrate the left hand side by substituting u = y , and y = 0, when x is a constant multiple of C. Therefore
The theorem is a straightforward corollary of the lemma. If Q(n, ⌈rn⌉) → ∞, then there is an integer q and a subsequence a n of the positive integers, such that Q(a n , ⌈ra n ⌉) < q. Then by the lemma, ⌈ra n ⌉ ≤ O a q−2 q−1 n , which is a contradiction, because the right hand side is sublinear.
Proof of Theorem 1.2.
In the following proofs we will call single vertex color classes in a valid coloring of a graph "singletons". Similarly, we will use the term "doubleton" for color classes containing two vertices.
The first statement of the theorem is trivial. For the second statement, consider a graph G on n vertices with χ(G) = n − 1. In an optimal coloring there are n − 2 singletons (together forming a clique Q) and one doubleton, let the latter be {u, v}. If there is an element of Q that is not adjacent to u (call it w), then u can be recolored using the color of w. Similar argument can be made for v. If both can be recolored, χ(G) < n − 1, so at least one of them is adjacent to each vertex in Q, forming an n − 1-clique with Q. Therefore Q(n, n − 1) ≥ n − 1. On the other hand, just remove an edge from K n to get an example of a graph G with χ(G) = n − 1 and ω(G) = n − 1.
To prove the third statement, consider a graph G on n vertices with χ(G) = n−2. Consider an optimal coloring. We may assume that there are fewer than n − 3 singletons; the only possibility is n − 4 singletons and two doubletons. Similarly to the proof above, we can see that in fact both doubletons have a vertex that is adjacent to all singletons, forming (at least two) n − 3 cliques. This shows Q(n, n − 2) ≥ n − 3. Now consider the graph G = K n − C 5 ; this is removing the edges of a 5-cycle from K n . It is easy to verify that χ(G) = n − 2 and ω(G) = n − 3.
3.3.
Proof of Theorem 1.3. First we will prove the first inequality. Consider a graph G with n vertices and χ(G) = n − k. Consider an optimal coloring c : V (G) → {1, . . . , n − k}. We will show that ω(G) ≥ n − 2k + 2. We may assume that there are fewer than n − 2k + 2 singletons, otherwise we are done. Case 1. There are n − 2k + 1 singletons. The remaining 2k − 1 vertices are in k − 1 classes. Recall that k ≥ 3 so there must be at least one doubleton. Apply the argument that we used multiple times in the proof Theorem 1.2 to see that at least one vertex of the doubleton is adjacent to each singleton, forming a clique on n − 2k + 2 vertices. Case 2. There are n − 2k singletons, forming a clique Q. The remaining 2k vertices are in k classes, so all of them are doubletons. (It is also clear that there can not be fewer than n − 2k singletons.) Denote them by
For all i, one of u i , v i is adjacent to each vertex of Q; without loss of generality assume it is v i . The vertices v 1 , . . . , v k induce an empty subgraph, otherwise there is an n−2k+2 clique. Also, we can assume that {c(x) : x ∈ Q} = {k+1, k+2, . . . , n−k}.
Let 
We only used k − 1 colors, a contradiction.
Subcase 2 b).
There is exactly one empty set among F 1 , . . . , F k . Without loss of generality, |F 1 | = 0, and |F i | > 0 for all i > 1. Let c ∈ F 2 an arbitrary color. Use the following list coloring.
Again, we only used, k − 1 colors, a contradiction.
Subcase 2 c).
None of the sets F 1 , . . . , F k are empty, and at least one of them has at least two elements. Without loss of generality, |F 1 | ≥ 2 and |F i | > 0 for all i. Let c 2 ∈ F 2 an arbitrary color, and let c 1 ∈ F 1 \ {c 2 } another arbitrary choice. The following list coloring, again, uses only k − 1 colors: Hence we can conclude, that for all pairs 1 ≤ j < l ≤ k it is true that F j = F l and u j ∼ u l . In other words, u 1 , . . . , u k forms a clique, and the neighborhood of every u i is the same clique Q ′ , which has n − 2k − 1 vertices. Then Q ′ ∪ {u 1 , . . . , u k } forms a clique with n − k − 1 vertices. Since k ≥ 3, this is at least n − 2k + 2. Now we go on to prove the second inequality. Consider the graph G = K n − C 2k+1 ; this is removing the edges of a cycle of length 2k + 1 from a complete graph on n vertices. It is not difficult to see that χ(G) = n − k and ω(G) = n − k − 1.
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